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FOREWORD

The basic equations req-Ared to acquire an

wulerstaning of the autopilot, rol.1 syatem and

guidance computer for a homing missile are de.ved.,

Honi the use of these equations lead to methods £cr

wnalysis and desitn of the systems is shown.

The factors that affect the desiu. are enwerated

nd the most impoltant ones, explair.ed in delail.
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modulus of elasticity a any point X

P) arbil-rary function of tire

Fr force input at tal.

660o) = foreward transfer function

accelerometer response

filter tL-aAC%-r

6,[")m rate &fro res onse

(- s} guidance computer transfer function

($4) control surface servo transfer function

R J]) - Reedback transfer function

.r.,, - o moment of inertia

.xj - pitch, yaw mornent of inertia

area moment of inertia of the beam cross-section

generalized roll moment of ineitia

K- gain for any system

- autopi:Lot gains

Kj,kt- roll wystem gatn

JA. IjKv- servo =omponent gains

'MT a torque input at tail

Ma - aerodyaamic moment

M,, generalized mass of fist bending mode

FI & mach number

N .A Y naigation ratio
V,
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V 1 Imissile vi-locity

VK n relative closing velocity, issile to target

/ w missile weight

- body diameter

f- aerodynwaic force

control surface deflection

TIA unit vectors

POX) '  mass 6intribution along length of missile

axial aceleration

acceleration normal to missile centerline

I calle for acceleration

fl accelcrution due to body bending

1 ', accelerometer output

t . acceleration due to noise

rate of rotation about X axis

dynwrmic pressure

4 rate of rotation about Y axis
° radome error slope

b body cross sectional area

velocity along X axis

A, velocity along ) axi

I,"- velocity along 4 axis

' rate ,f rtation about 2- itis
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distance along missile cente-rline

icatioryi Of taai' mirface hinge line

lacat3on of accelerometer

Slocation of rate. gyro,

angle oft attack

side slip angle

angle between seeker centeriIne and ,,Assije centerline
angle between velocity vector and reference

control surface deflection to procatuce roll torque

r eoyntricaj. 'racking err.or angyle (anigle between seeker mutation axcis
and line of sight)

error due to radone refraction

C-'p receiver output

(k at noise on receiver outpu~t aign.a

damping coefficient for second order systemn (% critical damping)

angle between seeker cent/orline and reference

computed angle of twiat atI- station ~'for b!)dy torsional mroda
A. effective navigation ratio 

Kstati,2 pressiae ratio (atatic pressuve at al'itude to that at 93 T'

~-' angle between line of sight to target and reference

T ~time constant

~ ~ time constants for autopi).ot

servo valve time constant

filter tine constant.

A'

______ _____ ___% It__WA NA__I__aU_ _1.__ __N___ _____ ___I.
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- roll rate gyro output

roll angle

modG function for the rtode

• n =  normalized mude function for the..mode

angle bet.een missile centerin and reference
,

pitch rate gyro output

,/ rate o body bending at rate gyro station

4 ~ natural frequency for o;econd order system

rmissile first bending mlode nattral frequency

(A imissile first torsional mode natur:al frsquency

4 '



C 0 N V A I-RA oMSIo, OF GEUERAL DTlAMj,:S CotooA110H T.11-331-623POMONA Page 11 o2 94

10 INTRODUCTION:

This report has been written to serve possibly two purposes, Feirst to acquaintpeople not familiar with the autopilot, roll system or homing guidance system w-ithsome of the problems involved in their design and suggest methods of approach forsolving these problems9 and second to Present under one cover some of the analytical.ork that is basic in the design bf the systems, There are therefore both elementaryand detailed information regardnf the systeis and met..ods for analysis and synthesis.No mentioni is made of any analogue compter techniques since this is familisar groundfor everyone. The information in +4dis report shoula provide useful background naterialprior to the campaign on the pot .settero

,4

I.
_ _ _ -: 2 .. . .. . . _ _ _ _ _ _ _ _ . . . . ._ _ _
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2e AUTOPILOT DESIGN:

The autopilot will be defined as the complete system for which the input and
the output are the followirgt

Input - Command acceleration in any direction normal to the missile center-
line.

Outout - Rsultant acceleration of the missile0

The airframe characteristics, the control sys;ems# and the sensing instruments,

if any are involved.

2.l Derivation of Transfer Functions For The Airframe.

The basic design of the autorilot can be carried on by considering the system
to have three degrees of freedom (1) itssile rotation in pitch$ (2) missile cogo
translation normal to the body in the pitch plane and (3) control surface deflection
to produce motion in pitch plane.

Two additional degrees of freados, (1) rotation of missile about longitudinal
axis and (2) tail surface deflection to oroduce rolls are included in the final
analysis to chck the compatibility of the autojilot design with 16he roll control
system in the presence of aerodynamic coapliugs The equations of moton and the
transfer function for this analysis are developed in the section on roll system deeign.

'lle angles for the single olane analysis are shown in Figure lo The sign
convention is also shown.

The Anglea are the Following:

e " A %gle of attack 0 angle between missile centerline and velocity vector

0 Angle between the velocity vector and the reference.

9 Angle uetween the missile centerline and the reference.

14 Angle between the control surface and the missile conterlinso

Thc relationship be u- n the rate of rotation of the velocity vector and the
acceleration of the eog* normal to the missile body will be derived first*

Let be a unit vector along I and let V be a unit vector -I to V and
poitive in the jitrectjon for increasing r' (See Figure 1), then the velocity
of the e.g. to V 'V 3 and the acceleration of the cego is

d
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therefore,

Dy +

V ~'is therefore the acceleration of cgo normal to the velocity vector,

The acceleration of the C.g. normal to the missile body is defined b)y /7
(gts) anu along the missile axis, by /q (T °)

The relationship batween the accelerations ;ith respect t the missile axis and

if is in deg/sec and tip 5t is assumed to be negligible compare, to 17 "- LK

This relati onship is used freqyently ir i ha following sectionst

The aeridwmaadc forces norral to ths missile body /7 is a function of and .
r (

=+ 6 (r /

Assuming the partials to be constants and integrating

Similarly for the aerodynaric moments.,

at pitch mofient of inertia (slug fto2).,

The moment is also a function of -A but thi;n berm is neglected since tha control
system of the type proposed witi, rate !.yro fe(-aback ,alkes it . ne-1igJ'.e factor,

The partial deriJavives I d and are one foo of' tha

stability derivaties, Normally tey are vritten in the form
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dL

#2; a2

: I've ,
dynamic Pressiare 1/2 ('V (Slug/sec ft.)

where f density of air (slujgft)

- ratio of static iressure at alt.tude to that at sea levelo

- Mach Mo.

- reference area (normally hody area) (ft.2 ) 9 f%,2 for Tartar

d - refererce rioment armnnornally body uiameter) (ft.) - L125 ft. for Tartar

For durposes of m-alysis the force and moment equations 2°1-3 and 2.1-4 are
put in the form

where s!i anCles are in degrees.

The relationsaip between taese coefficients and the original stability
derivatives can Te easily ded ced,

133

C . t7 3

L -Z LL L Al
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The values of C mo and etfl must to the ialues for the particular cgo
location considered. If these coefficients are available for a reference Cog,
location and hEve the ,alues aie,, (4 ? the vali.es at any other Cg- location

are given by . x - r7

where Xo is the reference Cgo and X is the desired Cog. Both these quantities are
in inches and measured fronL Station 0 ,ihich is at or near the nose of the r ssileo
d is the reference noment arm in inches (13o5. inches for the Tari ar)o

The transfer functions for the airframe can be deri,ed from equation 2o1-5.
Assumbig all initial conditions are zero, the operational form of these eqgations areo

2.1-6 1 4'2 I 2

frora the definition of the angles

substituting

A~ Y- A

6r (.,4q)~ ,~4s- e~ 2'

Bj usc of Cramers ;Aule

(SGi -i,
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2zl5z " ,-

4- 5 '-

/- i'- - 'r I - --- - 8 4-

SubsttittinC 1/ for equation 2.1-7 is

2Jl" (" V- e-~ -___-____ ""

For the Taitar missile the values of A ana C will vary with ang.e of attack,
To facilitate the analysis, however, -onstant val')es for these coefficients are uised,
The analysis wil] be valia for the angle of attack region for which the coefficients
were picked.

The values for these coefficients for the Tartar missile are .-,?en ir the
follcwing table for tv;o typical flight conditiona.

Case Number F-ig-ItConditior <AB C L.

I1 . 60 1.5 .85 .32 ~ 391

2 180 22 3 845

3 0.522A) A -1-111

h30000 ft 106 i005 226 h -,1

These val;es are for a corbined plane maneuer, ieo, fthe xe-,;Atant
ongle of attaci and gts are in a plLne 450 from the plane of the %ings

Substituting the values from the table in equations 2.1-6 and 2,1-9
these equations becaae.o.
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Case

*1-

1A'U S A d- f

iA r , -4 -. ,, 21A

4. (..,

These equations ar, in general, of the fum

and-A '7,' . r 7"5

7"t "=  -  - M ..

7-- ..

The significant factors that are apparcnt P.eom these equlatiore are:

1. The air'rame is essentially a second order ayetem,

2o, The airframe by itseLf, can be di,.irgently unstable for certain flig.at
conditions and angles of attack,, For cases 2 and 4-the roots of th~e
characteristic equation have positiie --ral parts,

- The -zero frequency Fain, K., %aries :Ln mat-itude and pols.rity u.itfi flignt
condition and angle of attacke

[ V " is approximat-ly the derivatiie of /1-2 , That is it can be used as a
measure of the i-ate of r o feedback Van therefore be used to provide
danping for the system,

3, J ^

~ (*~,
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2'2 For of Control Equstions

The control equation can hcvo any numbe- - of fons4.. The most coaon are the
following:

2, 2It . I - ,., n I.-te k )

t:here is the comnand uing defl ection and ' is the comiand acceleration land the
prime reoresents the instrument outputso

Block diagrams of the coliplete auiopilot. s -Lem using these -co:trol equations
are showm in Fiqure 2 - (a), (b), (c) anC (0)., These systems wilL be exPlained in
detail after th- closed loop transfer functic is i or eacri are derived.

Tie closed loop transfer fu -ctions =r :e uerived by usirnr ti.e equations from
section 2,.!, Ihe fol.o inz as.witions 1 i be an.9e for- the set-ro anc. i-strament
responses,

9Cye 4) , /

F,, -r> D

These assumitions do not i~e'alidate the general conclusions that can be draw,
for Uese systems,, The actual choice of gain. ha;iever c-'inot be made without
consideration of these transfer functions.,

For the type A system, substitution of equation 2.l-9 into equatiom 2.2-1

resetts in

=3/ - - /- / _ - -

2V2v 09C I
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For the erlii,ig types of contral systems. quation 2 *16 !.s used with the

* ~not ro]i equration s:

- r ty pe the derivation is as foilowsA,

- 4

j~ KS

ic ., , *I" *-*- ) + -;/: - .

(_iP Y R;",.

C Y b -y '-- ./

-3v -6._.; - ,- .. 
- 1

j?( , s-

- - -- " a " - --

(RE - c -) / .... 8c 
' -- -

• . , .* -
-

-
-+ . . . " ** -+ . ** " -

+
+
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For type D the derivation I &s follows:

o~ -($-4 /-r7.

o st-c -C

TII
1S

Type A

For pu.rposeE. o. excein trufing t.he "n / r. transfer fu ,nct iou quelitatively

the followlfng ap . 'aii il! be niade

2, C,1 A"L-7 _" C

The, trnsfei' i.-.uncti ons £ca' "ne orn thypes of sysitenms becon.o

TypeA C "YI

22 ...l / ," " - ""P g,,.

IRSJ
am24 0 - Kptemp-An
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The closed- lop+,.transfer function v ill be, modified slightly and be of the- form

-. ,, A~

With this forxv the static gain is approxva~tly unity at all flight. €ondcitton
Aid ,for any angle of .attack.

Type A ancO Type -B systems 're not practici for te Tartar missile sice Pie
variations-in 4 :th +angle -cif attack is prohnLbtive and the airframe is-unstable
-for large angles of attack.

Type COnd Type D are possible Systems for the Tartar missile. These are the
o.:Ly systems that will be considered in the following sectionso

-23 Stability Analysis+

if the systems were complete as presented in the previous section the only
analYis that would be required would be an eamination of the roots of the characteri.stic.;
equation. For the type C system this means the determination kx,? the roots of a
quadratic equation, and for type D, the determination of the roots of a cubic squation,
In general if the real parts of the roots are negative, the systems are stable.
There will be adequate etabilty if the ratio of the real part to the imaginary
part is the tangent of an angle less than 0, This corresponds to a >

-or the complete systemv however, such an analysis is inadeqi%te. The effects

of the following factors must still be determined,

(I). Instrument responses

(2). Servo rvsponse

-- (3),, Rate limit on the servo

(4). Expected tolerances on the instauxaents,0 circuitry and gais.

(5), Additional filters for noise or body vibration.

The most satisfactory method of examining these effects has been to exmnine the
open loop transfsr function by Nyquist plotso For multillop systems in general

the open loop function will vary with where the loop is opened. The open loop transfer
functions for the i4o syst-ms will be derived first, They will be derived for the

qt MV-z=- --- a4 aM

.• + ,., .+ + $ +, \ +++ +f + ..._ 7

IL. - :... - +++ ++ + + +.-
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foiioni, ease .,

(1). Loop oppned at the wing servo

A2) M Loop openad at the rate gro.

(3) Loop opened at the accelerometer.

See Figune 3 (), (b) and (c)

For' iype C (Ca )

Au . A,-

Substi ut:ng for and, , fromn equations 2.1-8 and 2.-9

3- Ka (71-__4s5c

C., - ---

lFr type C, Case (2)

Since negative feedback is not iqlie for any of te inner loops considered
the negative s ign is put on H (S).o epd

-I 
V

/,,_,,., tr,¢<, i",L(<;j

':.4

3 lr - 34__ _)__ _ _ _ _-__ _ _ _ ____ 1
N Q A W
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ccwiin thti1' nldste integratia.i tex'rn the open loop transfe i- wActiuns

for aype ill be the6 in as~ for' o tt7 a To 1' is replaced by K2 + K 3 ,

The ,intormation that van be obt.wThed -from a.-airnation of these open loop transfer

£rions. hre the Kfloig
EffTect of servo repona and variatio i thereof. Nonlinearity can be
donsidered, by use of Johnsona aescribing functions0

For Case (2).

Effect of' rate gyrd' res~yonse and variation thereof. Effect or additI.ional

filter folloving thw gyro.V

Effect of acceileromneter resdc.-isa and iariation ttuero.o Effect of acktition&2l
filter flodgthe cero-t,

For purposes of seeing howt Whe 1Nyqius L plats look qualitativel~, ' he instramment
Ainc servo response cani be maeidea~l.

5~ fr -r,' c

The follo-rJng approxiuationo car, be riaue for the. erodyiainiic coefficients.

Tao open loop transferw f unctions trill ther, be.

For the type C system,

2.143-4'Y

T Iq P - . 1
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jF~r tlj type 0 YT~telp0

I -- A

Siice raeg:;ive feadnaiok vas not iziplitm Ini the derivation of the opet loop

trafer functions; the characteristic equation 1v; of the foni

This -would Divzq that the en irceon. olt + I onr tbe jpl~r plo(L -iic.uld b-a exmiined,
However, sinre it Is more conventional tcie*inL~ the encirclument of -Is )I! tbe open
loop fuinctions shoold be m~ulti~p.ied by -1 befom' betijg plotted. Thbe c.-Mraclerist%o
equr-tion i..ill ten be of the formu~ *~

The sirnplii'ied form of these openi loop expre i,-jon. are, _-In gensral, of the frd

and the Myquist olot ran be comnputed.' "little efrort., Th* caspe vher- the aPera-
dy-mmc cofficent Cis psit Ive will 'cc polts in the rIght nand plnnz Qnd it

would be ri-cessary to tyvemTir.-. rche (cQunt~viclockise eoTi-neents of2 - as. t he nemr
ot theae poles is kitrmil.reti,

Thep~ Myiuiat,; of tkie simpli~ied (on Joop tvan,,A'er Curiction are mtrenmely i~uefu-'t
in gettin , 2 qvulltvative i inders tanrding of rh.- sa.te, Fig~ure -6 wipm u tyz~jc;1jj

DetemidnatJion OfGam

The .' ctuaJ. %1.ermlnation of the galins A3il in general. be an it,,w-atlon procts-3
This is nacassarvr because a12 tihe possi-Ae factor: that must ba co-&:.derad va-mct be
incl~uded in any one analysis or simulati oti

For the ?artm- missile the factors that bad to be considerea were Uie follov-ing:

(it). bas tic lbody coupling.

rmp z%-V--tpj As

Nk %11
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~(4 ladore err~or soppe Coi~pling.

~() Copativity with toll Sy stemi in 1he presence of aerodynamia coupling

-* ontirp1 surf ace servob limitation.
-~ (~)q Instrum~ent limitations.

(6~ Tolerances.

Eff ~ 1 .ect of noise.

The desiired aat of gains twould be that Lhich gi-vcs tha fastest responae forafter all these facturn, haeve been consgidered.

These factors t%113. be exp.; ined in cetail,

2oljol 1Elastic Body Coupling,
Fi! ure It shows a block diagramn of thle type % uoio sse dnte

additions.1;I1astic body loop incaded., The loop Coupled through t-he iligid badyaerodynamic responses whiich had bseen the main loop e6fisidered up to now can -bitassumed open, Tais is because the elastic bodiy resonanice frequencies are on theorder of 350 rad/sec and the rigiJd body ar'cdynamic responsca cut off at around10 rad/sec4

The transfer function for the elzs; .*c body- res;)onses are deri-%ed in detailin Appendjy la

In partiLcular the tranmfer functions araderived for,1;ras case V(here thesolution to ,-he el~asti~c beami partial differeital equation Js represented onlyby the first tarm iit the iieries solution and tile body loaa assumed neglig.1ble.
The teniis in the series s olution rprao,,ent the ;arious vibration molea caZthe bearn &n4 only the mode with ihe louest frequency is considcired, This isreasonable s: nce the second inode i8 at snfficiently high frequency so that t hefiltering muquired for the first m~ode vill acieouately take care of the secolid.end aigber inodes). The ae: odynarnics loa~ds due to local angles of attack were* found to have~ negligible efi'~et cn the mode shapga or fr-equency for a ranresentat-.v6flight condi- iona Tilis rieans thiat the i~olutions for the Tamtax bendilig rodescomipl;ted for vacuum conditoions in appraxinzateay tict sfate an for moving air* conditions,

The transfer functionis for -the instrument outputs for an arbitrary forceinput at the conitrol. surfice staticn vere found in Appendix I to be
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Pj; -.sh~pa of. firs% bending mode covipited U.th mi a rbitrary displace~ent
of 1 in at ; tat:[a X,,

Kx sO , displacement at X = to the station for the control surface hinge
line (in).

C( 4j displacement at 7. =:%I, 3 the station at which the axelerometer is
loiated (An)

( I..:local slope at X .Xr,, the station at L ich the rate Mrro is located

,-

stati on 'X and . U )osplacemrent .at station l in sc).
- = frequency of frst benuing mle (tad/sei).

A'l acceleration dun: to bocy bendinf, at the accelerom~eter station (g' s).
18 rate of booy bending at the rate gyro station (aei/sec).

O() =force input at the control suiorace hinge line (t10sr.

Sstructural daming coefficient,

Me treisfl r f unctiil n on for the elysiod atem ith the loop opened at
the h.dng for the type D systeic is

In oaler lo insure that there wilL be no instability in this loop c
sho-ld be e r1 l3 when Ls or an asyv, structural deroping of .o02. TADS
margin wo erld be insurane againsto the tolernc s on e l e autopilogains, instrument responses., ano comjonen s,
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The open loop transfer function needs to be examined only atu :. since at
any other w the arplitude will be less.

Substibutin.J4for S into equation 2,4-3

( ¢) ______._, _______"_____, __

Rd

The obvious method ror miaking ts
1 --13 is to locate the ipstrivients

Stich that D~O aind 0. iYigure 5 rhows the computed

first bending mode shape for the Tartar missile. -Jue to packaging rquidrements,
the instruments for ,.%e Tartar nissile are at the following stations:

Accelerometer Station 55
Rate Gyro Q Station 80

With the instruments at these stations the valuei for the displacements
and slope are

At the control surface hinge line ,,)- .5

The values for the rema-Inint" faeotru ur-z

PA .539 9,t-, ,

, o 02

Substituting these values nto fquatio-L ,

/~~ 

V Jt''~f

4-j ge '- I

0k , Nv,,t : 3 -P,-.// _ N - - .
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The terms that will give the greatest contribution is the term vitli K
Since K 1OK2  C41 3 for the Tartar missile. Negleeting

but the K tUrm

In order to determine the amo.!nt of attenuation that is raquired from
6s, (j)X (filter if required), these cah be lumped together into

since W ) for type D.

2.4j- ( 4/.4 ) max ~Z GF .w, (.0 384) -K3 (F )
t can be computed from

r-Ti / 'o -in h.#: . (' ~ ,,, r ).t 1z.jt4
The value used for Cr should be that conputed from oscillatory aerodynarnics

for a frequency of W For the Tartar mi ssile, however., the values computed
from oscillazur aeroiynzimics did not differ appreciably from zhat for the
stationary aoro~ranmicS.

Studies aave shoun that the ML5 condition jives the largest ( . )
mazx value for 'the Tartar missile, This' is assuming that K is programed to vary
with total p)Pssure.

A sample calculation will be made for 'o ML.5 S0 L° condlition-

The Imt el ari~ t for the Ta!rtar mizsile for this conldition
~ne K~Th (his" arl Xh su o that, takes into aec-2ount the &bmall amount3 3of that the accelerometer sen es due -.;o its being off cog.u.,

.?- 7'.
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This means that at w = 345 rad/sec the combination of gyro response,
servo response and filter response must rive an attenuation of I/O8 or

20o6 D.Bo 3y servu response is mzant the response over and beyond that of a
perfect integrator, The rate gyro is a secoid order syste and the state of
the art is such that its natral frequency ahkc damping ratio can be specified
to any arbitrary val,ies vithin rjason 1or the Tartar missile the specified
nominal values for the rate Ogro are

natural frequency a 27 cps

damping ratio 05

This ill provide an attenuation of-12DT3 at 345 rau/sec. The additional
-8 DR can be obtaine.d nither from the servo or anaiditional first order filter.
What must be considered in the process of determining how to obtain the oesired
attenuation is the )hase lags that will be introduced at the gain cross over
frequencies for the Nyquists of the system.

For the Tartar autopilot systen the gzin cross over frequency for the
Nyquist with the loop opened at either the control servo output or at the rate
gyro is about 40 rad/seco This can be seen by plotting the simplified open
loop transfer functions or by making the assumption that at the frequencies
concerned

-!X-

and therefore bie gain crossover is at L EK3 o The simplified Nyquist for
4,1j M1.! S.L. is shoim ini Figure 6,

At w= 40 rad/sec the additional phase lag- I-atod-inod by t:hs r?'te j:o nd
the required first order filter are

(I). From the rate gyro i4

(2). From the filter Ii4
(corner at 24 cps)

The system must be able to bolerate this additional phass lag and still
have an adequate phase margiz of 300.

* it turns out that this is not the caep the possible fixes are:

(I). Move the instruments.

(2). Design a complex filter that gives the req .ired attenuation at
but less lag at system gain crossover frequency.

(3). Bind sme means to re ice K 3 0
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For the Tartar missile the additional 28 " of phase lag at / = 40 rad/sec
was tolerable.

There erists therefore a choice of putting the first order filter after the
instr uments or incorporating it in th' Lransfer function of' the control serto.
If the filter is placed at the output of the instrumentts, the servo must be
designed to introduce as small an amount of phase lag as possible over the nominat
90" at hO rad/seco Since this wouUI add to the 28* already intrcdlteedo The
additional amount that Tartar can tolerate is on the order of 5' o The disadvantage
of this is that the requirement on the servo is prohibitively stringent. The
advantage is that if the requirement can be met, it is possible to use high gains
in the roll cysten witlwut complex netuorkso This comes about loecause the rt.1l
system ,2ses the same contr,3l surfE.ces as the autopilot and phase lags in the servo)
are introduced in the roll system also.

The advantage in inco:"orating the filter in the servo res o!e is that

the requirements on the servo are deliberately relaxed.

Both methods are being consicered for the Tartar missile.

2.4.2 Radome Error Slope Oouplino

The equations which siow the exihtance of the coupling due to radome error
slope will be derived firs t. The angles required for the analy-3s are s hown
in Figure 7,

These sngl.es are:

-"o Angle between line of siLht to target and .- ferfnce.

e- Anrle between see-ier centerline and reference.

W Angle between mizsile: centerlIne and reference.

- Antle between secker centerline arc missile centerline

* An,-le between line of 91(;ht to target nn centerline ot' the seeker,

L1 - ;rror anrle die to rt.dome ref'action

/9 . - Look ancle (Yl-- "

The relalionship betwr-en thefe arL'les ae:

.. -ill in ge eral be a fu ict- on of the look antle 4 +

? j

4i ___ _
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an&'

f i- - is assu-.ed constant -and-set equal to jz "

2.4-6 Ate.( . a,- -small regions of look -figle this a.pioxiiat 6 can be made,.
Since the dynam.ics of the sbeker is not required for the analysis in this

section, it will not be presented. It is sufficient to state that the function
of the seeker is to continuously track the target and in the prncess of doing
this provide inforation re, arding the rate of rotation of the line of si,.ht
angle to the target ( - ., hi n information is immediately available since
if the seeker tracks the target .ith a reasonm" le cegree of accuracy, the rate
of rotation of its centerline in space is identJcally -the rate of rotation of the
line of siuht,

The hoine guidance equation is ideally

~~\r)
vhere ..-A. is a constant , q and V is the relative velocity between target
and missile, Of: (s) is the transfer function of the guidance filtsr,

For the Tartar ud,.t " .z.cn is :;.d.'d _r, Go m l'or the head
rate *Uro signal plus the rate of the tracking error signal°

From equations 2o4-5 and 2o1-6

- 4i-'A O + /t

and since

For the Tartar missile

.Gg Ws - I

This was deterrined by a study on t..,e amount of' filtering raqui ;d Cor
adequate hoircing guidance,



CON VOAL
POMNA"age 33 Of' 94

The cor-Plete equa lion for 14- is' thdiref 6i.e

This shoqs, that there is a n additional fP eedback into the autopilote, A
block diarra-r of thid additiondl qoqpj.pn,loop is shown in P3j cume

The open. loop transfer function with the loop opened a.t -'is;

I.I

Wnis of the form

whnere 7,7

The open loop transfer functIon becoues

Whan /I/, J.s jositive t1 ,3- i.nerstviv %eedback -ni the Imocp and wOier) :t'r. -in
ne~gative, positive feedback. ~ Iu with positive feedback tii loop baeorxor

oxtene~y ifficult to stbabli'ze ru' can be bissed so tflat ir effcI',(A ' itaze
or!.), positive valiev. Thisi. t., cne .7r 'ddi'.ngiw 6'1'4',Somie pli .cf rata gyr'o Siqpa'l

'Ele val ue of %,) itII P,,ve~r be ricgative0

Arl--
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Foi an w~ 0 11, thle oquantity( A.L7

vhile~V ,,wih qasCo be Aq. large, as I4.0 at high al~titude

-66hditioni here' A dqcrea'Sb6, The Au~topilot tieconstants TA arAd Ta must be
adjustedt- btbi e' h 6lop 11h1oodtos~A.l t 0titude conditioneq

there ii nio-stability- p 'Oilem in this loop sice f is smal.I and the abtenuation
front ~h4e gpiaLe 4'ltr i t moe n sifficient. Figare 9 shows a Bode pilot of

th oe oop triinsfer, fimetionL f'or the M% 2.0 hi - 5OjOOO ft. fli phV
n.c~i~n~ ra iced £light conidition "T varis ;i~th ve but Tt, varies roughly

~~JL~'th %aane ~intpinirg -the sarne -dae- ee of~ stabili-Ly9

4 n alterate metbod for stabilit'ing this loop is L~ae f ollowing: Design the
auto -pilot for mafminsnible speed and design the guidance filter' tpo stabilize
the loop, The adyuit~nge" and dis,96ivantages of' both methiods are discussed in the
section on guidance .on#:tar

2j"1 Ouipatibili- y With Roll Systexh In The Presence Of' Acriciynarnia k.oupling

-Tbis subjei.t ."" covered in fr2. in the section on roll system. It Jo
'sutfficient, to say at this point thwt the gains nue not be eleterilnea v*ithout

=&i~deration of U the roil) yae coupling problem,, In rgenera]. tWe roll Systen.
alone'cannot be designed to stabilize extrerts roll-'yaw coupling instabilities.
:116t modif'icat~ions, #a the autopilot gaim~ car) improve the situatt-oii c on,-Lderablyr,

As an example, law damping ratios j in the Pair oS complex roots of' the autooiot
is detriviental in -the roll yaw, ecupling loopo This low $ can restilt Troia the
fact that the stab-,'lit~r d=L~vatives' for yaw irt!t on J a ci ifferent from that for'
pitch a-one vhen tie missile is pitched at a large angle of' attael:,

2014-4 Control Surl. ce Sevo- Liritationso

The follcriag limitations ,Ust be consifere.,,

(1) Maximuii practical. serro resonse*

(2) Flaximu-m vinge rat/s

(3) Effect of' iing loads thinge moment) an (1) and (2),

* (1.' Non I.tneur plase lage,

It has alje.idy been pointed out in section -hdthat the conSA.deration of'
*the isx-Inum practica. sarvo reasponse detex-mines thl rn at-hod by ;-,Iiih bcwly ~

mode coupling loop ivs tabi lized.

The -a-feet of irimum ving rate on the Stabil t~y of' the Systemi C~x be (11:tenvoxe1
by use of' the describing function' on the Nyqiist o2' the open loop trarisf er t .me. iaon

xor the loop opencd at the suiing se-ro A,%). This will i l~eiate~ a~

1"- ' . -
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that the type C system t.rth the position feedback servo is more susceptible to
non linear oscillation .than the type D system w.ith the rate oar ,a A )ossible
means of improving the situation is to add another non linearity, such as a
frequency sensitive limit on the input to tho servos

The effect of wing loads is to reduce the !ervo seed of response and possibly
reduce the maximu' wing rate. This must be considered as an extreme tolerance
on the servo reasonse,

The non Linear phase lags from ceau spacea stic!y value, e tce, should be
* stimated and considered in the ( , ) Nyq 'ist plot.

The control surface servo transfer fPinctions are deriwce in section 3o5.2
T is is the section on sero limitations Uihat affect the roll system. The
derivation is in this section since the servo res onse is more criticcl for the
roll system,

204°5 Instrunent Limitations.

The foll^.-.ing factors must be co-isideredo

(1) Compatibilitorj of specified dynmic resonse ith the dynamic range
reqoir~d°

(2) Compatibility of the dynamic range required with the null, noise,
resolution, g sensitivity and linearity charscteriaticso

The denired dynrAmc response can be deteivined by the method sggsested in
section 2o, if the response is to be vsed to stabilize the hody bending mcde
coupling loop, If it is physically possible., this is desirable since the phase
lag from the instrument need not be designec out of the system.

The effect of null mbalance, noise, and g vensitiItyp can be computed
by assuming that these are the only in,)uts to tiie system and computing what the
output ("%-) w11 be .ith these inputso

As an ezample the effect of additional i nmtsa at the rat3 Uro on steady
state condition,. ',ill be computed.

The control equation is

vhere c m be the nul). value, or the aroun: due to g sensitirity ". (A- d,'

For a teady state conditons 4 ( 3

eI-,
4~ C 4

_ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _
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This gives the amount of error introduced by the rate gyTo in the steady
state condition,

2.4i6 Tolerance.

The gains x'.st be chosen to be able to stand whatever tolerance ;un be
practically met, For the Thrtar, the ga.ins were chosen to give adequate
performance dth 20.1 variation in any comnbination. This was based on the
e xpected accuracy of the e meas ring and gain setting device and the component

The effoct of noiase from any possible soirce can be compnuea "by assuming
one soorce at a time as the only input, The output considered ,tould be both

(- )and

At an exa";ploz ;.C there :I.s noise at the acc.lero.zeter and it is aesired to
find its effect or. I , the transfer function betv'een 2 annd ,. must be
derived, The control equation d.th a noise in)ut at the accelerometer is

where Gp (S) is the filte' follov.ng the accelerometer.

Since

S I

(^ -P~ 61, (K/ (4.) 6'a(4O

The WN %. can be computd from

4)it

g4 ~ r S.
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whnere ois the spectral density of the accelerometer noise i.n gE/rad/see, l

Normally .it is, sufficient to throw out all the terms in tlie denomninator
0of , eXCept thEt I and 0 (S) becomes

This is justified foil tv:o reasons (1) the feedback terms ar~e attenuated
quite heavily and (2) the MIS calculation is more conservative u-ithout thema

a can now be sin6ly computed°

3O Description 3f oystem

Appendix II scribes the sysa n that is t o be analyzed. This system has the
following degrees o friedom t

(1) Y a sranltion in the ya o ( plane t

(2) qt rottien about t4e c.,-u, ion the ya cline.

(3) - rotation about the m-"ssile centerlin °

04) ly, - control surface denflection to ?roeluc." yaui ;force and moment.

(5) , p control s trface deflection to produce rollify, me" ent.

The angles a'nd the stability derivatives reqoirt; areall def.te n Appendix e

3ol Form of Control. Eqation.

The type D control system ill be assumed re'la tne autopilot.

The roll s-ten control equtio in t again have ar number of lo.ms, The form
that. the Tartar msvile uses is the, folloing

(Wen the equation it; actually impiemente it tuakes ta forei a

Figure 10 sho.a a blok djagc'if o the ystem Go (S) is the free gyuro response;

G the a e ro th oe ab nd 0erdativ e equtpit ofC thel two.L~ insmpapCIt.I

30, S ,9ofied Tiransfer Functi ons

The iput o the roll system can be either a comin to roll or an etrvneos

92II

I W

3I-
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roll, torque ( ). The output or the controlled variable is $. The simplified
closed loop transfer functions with~thase two inputs can be derived for the system
by assuming that the roll-yaw coupling derivatives are all zero, the instruments
have perfect responses, and the servo is a perfect integrator*

The closed loop transfer function with a .c fled for roll an-le in-)ut will be
derived first,

Using the form of the control equation 3o2--1

Where (q - 4is ths Tree uro output0  --

The roll moment equation is

and

(s-F)
Substituting into tIbe c,,ntrol equation

and therefore

3.3-1 3o3,,.T -.s )s .....~X -"

For a step c the roll mo',ent equation is

7 a

or

.5, _7

V -- ____ ____ ____ __H
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- -ro

wi-tJ the oontrol equation¢ -

T- 4 h r,)5i ,C

and -7erefore-

3°3-2 -77 ' -s' " GG ::::i...5. e7 ( 4- (_-

Equations 3.3-, srsd 3,3-2 give the basic charac:eristics of t e ssteeno The
roll systei, in the absence of rall.yar cou-plinf, is n- ria,, order system. The static
gain for a step 4.is iaentically .inityo 1ith a step , the system benaves like ani
imperfect diffexentiatero

There are again tnree possible places to open the loopo
The open loop transfer fu cbion for h loop opened at the servo is

3q4 Analysis of The Complete Syste,.

The .equations of motion for the five degr.es of freedom, am'o (from App-ndiz II),

131 1-P 1

-(K+4 ,L. ., ' ' +.- c,

where / I

" ,4 Z

re araging ''

(4". -s)/s s , --Y" < # - '-'- O'o 9¢ /frhf =

4 -- - - -- 
5 r
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(eqx1#tio -conViv ad) K1Af +(K,'z. +y K/3 )*
0

Th e term " ,T ' 2'. " s om itted f r om th e se . eq ua tion s . S inice -f or t h .-T .t..
it was found-to-have 'negligible effect.

these eqiations i. re of tne- form

P3 0

,where

O.co,*, qS

y #/ "3-

94 4-

.- N- K

-------------

... .e.r
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defining 'the- determinants 
-

-- ~ -- 44
- -

,q4.. f4
and 4s'

AT Asjr

AX~ ------ ---- I

3.4-4 PA 1IV A 21
Ad
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"Pre~ M~ 11sO abok11a-r.,o
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Substituting the expressions for 4- ~aiigte ecnn~--

41e7j41K___

A 3

- ~ ~ ,x X3 -*(1 - < .i14. I~A-. fv/* (IAtF~
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If the encirletnt. of 4 on the. Nyqzist plot 'is- tO be examined I is
ltted since negativ dedbgck is not implied at the point where the loop is-

opened"

Of: the _L'oteis on the fight hand side of cqaation 349,-6 the.frst is referred
to asthe O'loop transfer fur'ction and the second the loop transfer function,
Examination of the Nyqui:t plots for these two loops and the vector sum of the two
give- an indiation 6f the ggin. margin existin: for th- system for variations in H and
L topether- No information regarding the phase P argin in the , loop alone or the

ioop alone can be obtainedo In order to obtain these infonnation the expressions
r or and Itip mut be derived This can be (one in a manner similar to how

t.e-expression for -- a derived.

Figure 12 Shoi-: the Nyq Aist Aots for the 4 loop, the loop and the sum
of the two for the Tartar iissiles The flight conaitions are Al . 30,000 ft.
altitude and ' 20P. This was found to be tWe wost critical set of conitions for
the Tartar issile., The roll system gains i ere chosen to t&uate the amplitude in
the region of 4- to 40 r/sec. For more extreme conditions (large o r igher Mach

,.number).. the follo.,ing hapens: The zero frequency amplitude of tho 9 loop
increases and 04p)aches -1o Tae mag itude of N5 an" K6 req-alred to attenuate the
amlitude su fficiently in- the 4 - ho rad/see reg on becomes impractical. The zero
frequency gain of 'he loop depends only on thc aerodynawic coefficients and so
if it appkoaches -, tihere is no simle fix.

3,5 Determination of Cains

.For a homing issile roll systy m the eqaUmi.emnts on the vpeea of res,e-se (i,.
or ere not critical since the geiiance infozrmition does notteq"ir. the rol1
attitude of the missile for a references Thi means that the 'main criteria for the
system design is adequate stability. In deiGnirtn th systuis for adequate stability
the follodng factors must be considered.

(1) Tody torsional mode coupling

(2) Control surface servo limitationa
(3) Iistr.uent Limitations

(4) Tolerance

(5;) Noise

in geneial it has been fou:ad that Lie me tiod for stabilizi ,g the system is to
increase the gains,

The manner in which these factors affect the me*dmum gains usable w.ill t
expilaired,

i) . • .. ... .. .... .. .. : A ,&
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365ol Body Torsional 416de Coupling

The sawe equations that i er..- used in the benJing mode coupling anal-ss are
applicable her2e 'exceot tUat thetOUsional mode sh4pe is used and the inp it is a
generalized moment input at thtailo . :-

The rate gyro output can be computed from

where J - generalized moment of inertia

compa angular displacement at the rate g l Stationo

661da) complited angular displacement at tUe tail,

'/- - torque ingut at the tail-

r o .tors:ioial natural frequency (first ,,,,de)

The same inforthation can be obtained from vibration test data, The test
data gives the follo-wing information to the STV-6 missileo,

9?5 in b at the tail produces a msximwn of 156,,2 -. d/sec 2 angular
acceleration a -al stations from 801' forward x hen thie requenoY it! 1142.5 cps.

This says

"7.) ( .il,)

The imlaxwu open loop gain for the torsional mode coupling loop becormes
-< /' "-, s)

R ral
w N Ua ALY- A 5
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sie ", Wr-en,

fr e- S -L , M, 4r

Th.s sbys that at this condition the ttenuation '-eqAirc J from Ov , ( jgoio
a value of .. for ( 4ax .s

or .

A rate gyro ti'h a natua! frequen,;y of 85 c s e nd C 5 has been speci-fied
forie Tartar missile. This wril provide an attenuation of -7. 5 DO The
additional -. DB can be obtained easil.y Y-i,-rthe fli triat is norntaIV required
after the instrument derrodWiaters,

The torsional mode coupintg, loop therefore does not present too great a
problem for the K( that has been. picked.

3.5.2 C' ntr-.l Surface Servo Limitations
For t he roil syste it has *sen fou-d that .orsion~i irode coupliltg Lt not

too great a problem. It is, pos.ible lerefo -o to have a NhIEer crossover fqt-e.%.y
for the loop opened at the aervoo Fro, eqna ,ion 3.3-3

.he cross over frequency can be roughly eut.i,:ated by

.'1 P&
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an U crossover C 1 K ..

For the Tartar issile this iwas 6et to be 90 rad/sec. At this
frequency the phase lags introduced: by the servo iAcornes extremely significanto
It has been mentioned in the section on autopilot design that there is a
limitation on the miuximum, speed of response obtainable°

The type off control qurface seikvo used will be mialyzed brie'fly0  Figure 12
shows a block diagram of the servo. The servo amplifier is not an operational
abipliffier and the input network must be included in tLhe analysis of, the systeno

Tiae, open loop and closed loop transfer functions of the system wMIl be
derived using the folloming notations and assiiptionas

Forewar' loop gain 1 K9 K 4,1,

Feedbliik pol ~

The open loop transfer function with the loop opened at G,) the input to
the servo amplifier will be d rived first

j 6() = .. ......---
-~7 5( 4-1. TV

AL.) ... ..

4 , ,

(S ,- * qsm ,
.s,
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The closad loop tran fer function is computed by suiming the currents to
the, grid (G).

--, $C 5% Ce 5Ce ' [j.e. 4S.(, C .

and
A'

aiustituting for eg in, the first equ: ion

p7;

ST e++ T. ),

With the -tctual systcm tie input C, is made up of Km - and
*,[ ,t,' g ) while the input is made u5 of and

An examination of equation 3.5.2-1 showis tbai, the gain cannot be increased
arbitrarily without increasing A.4 &4 at the sae tire resulting in ro
improvemrent of the res.cnse, In effect tie -,ave jatural freqmiency sets an
upper limit on the speed of res onse that can be attained wjtho;.t compensation.
Theoittical.,y the response _%an be improvsd by 6e of a leac. netwOrk0

_. -
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For the Tartar 'servo a lead network is not,usedbecause of hardware.

considerations, A passive lead network would attenuate the D.C. gin requiring

that the gain of the amplifier be incr. aSed. This was not practical.

The paraimeters for the Tartar servo as they now euist are

With these parameters., the phase lags from the servo over and beyond the
ideal 90" are at 1j0 rad/sec 4'

^0 rad/see 150 for noxrinal conuitions. These ,?ere experimcntally
deerminedo With, loads on the sn'faces they aru expected to increase by about 50,%

The Nyquist .'or the simplified open loop tlssfer function ( -/ ) for
the Tartar roll system shows tiat there is a phace nargin of about 65 If
the servo subtracts - 15 0 and the rate gyro responses. -z- 1i0' , thera remains
- 4 . The :ilter follow g the de-modlator uhich is required to remove

the 800 cps, ripple can subtract ar.other 100 and the remaining pnase margin will
be 30o

If. however, the other effects mentioned in tue section 241.3 contribute more
phase lags t wovld be necessary "t.e tise a complex lad,-lag network folloving
the demodulator,

The affect of an unbalance in th(. aero amxplifier can be computed by azsu.,ing
an input exists at the id

'~~ 0 -. v ~~

where -2 bL is tae ,-qiuivalent inout at the grid of the servo a -np.Wfier

then

or for teady state condition

~I~I

s--L
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and for the Tartar ,ervo

The -fedback -ain thea'Pore deterrdnes the effect of the unbalnc o0 The
effect of. tKis -equivalent Sb as can be then computed for the overall system
by substituting it into the control equation, - --

30o3 Instrument Lixitations, Tol.erwce, and Noise

The effect of these factors -can be bhidled in a maniier ,similar to that for
the autopilot.

4. GUIDANTCE SYSTEIM:

The quidauce system will be aefined as the system uith the following input and
output.

Input - geometrical li:e of sight rate

Out )ut i'issi-le acceleratior

With thiv--de-:inition the receiver', the seeker dynancs, the autopilot and the
guidance cornputer is included* The receiver Til be considered only as an imperTect
error sensing d evice and a source of no.i seo Figure 13 shoi.zs a simplified block diagrwmof the completa system, The angles and terms used have already been defined in figwue
7 'and section 2.42, The seeker control system and the guidance car~puter will be
discussed briefly,

4.1 8eeker Control System.

The seeker control system has two f; "ons (1) to track the target ice. to haep

the dish nutation axis or. the target; anL to mointadn the uish nutat.on axis in
spacetrotv rotating when tfeir is no signal froa tdie receiver. The control systen
shown in the blo;k diagram is that for a DPNI-24 ty e system,

The operation of the srstnm ill be eind qualitat.ively £or tUh fol-lowing
cases: (1) when the line of sight, is rotp:tinr at A constant rate and (2) when the
issile ia pitching at a constant rate. Figure 13 raust be ,efexr^ed to in order to

follow the explanation.

Case () ivhen the line of sijhi is rotating at a constant rate ( 1 ), the
head Tmust rotate at the sexe rate to contina tracking. This means tnat tqere Twill ba

-- --- -
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a 0 equal to and sce (1/ is assumed zero .,wifll fso equal f.
G is to be con.stant hoveve::the input to the &ctuator in the sex-to must be constaht.

Tais means that t:e input -to the servo amplifiker which is an Sntegrittor must be 4eroo
In order for this ,to be true 'Ve must eqil, -- which in turn equals 6_ In other
words there will be a tracking error of

Ose (2), wha- the nmissil- -rotates in ),itch at a constant rat~e (y ) will
rotate at the swne rate but la tfir opposite direction ,Vo. drive -&- tuhich is equal,
to a 4 V ) to zero. In .the absence of radome error slope this can be accmpiished
resulting in no trackinj; error being requirdo The system x.ill tharefore maintain
both EL d oq- a6 zero even Though thers is a pitch rotation.

4*2 Guidance Comuter

4o2ol euid.ance Signal

The in ,ut to ths gi4cance computer should be & It has, been found
it) the previous secti fi that either 6 or -& is a measure of C in the
steady stata conditions0  Dyna j cally, however, this is not true, The transfer
function for e .ill be derived first,

• . .~ ,e)
V j-

.1,1

, -A
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This shpflai that if" v ere used fo ' guidance OF" would be measured ,longwith a*- and , °There wIII also be a t:.rm lag,
The expression -for, 4 .ill be derived next K'

f

-. . *(.. ) -. ,../

0i -

This again c ontains ,the ti, e lag and a Aitca rate coupiing trorn0

IIf, .however, the corbination of' the signals '%-6" is used the ,following
resuits3

Diferentaating equation 4ho2-1
Y4 r o-"4 -

This aai neS.Lt was obtained in sction 2ii02 by considering on.y th
Ibvievert. the cose r t g n e is re ed t or 1lo, the

Diferntg equation 4us.2-1ed
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The 04 -signal contains no- time iago The ouwdtable- radone coupling"
teim still exists hcever.

The 5/41 couplir. {'enri is no longer present, In -the past uben C '#was
used for gUd6ane the Y'/1 term vas destabiizing. For the DP2 system K
I'a s 70- . Analysis showed that if -K decrealed to -, 50 there itil)
be stability' problems.

11th tihe ' signal used 'for gnidance however there is no restriction
on the valv.e of K ,juring guidanc phses of the flight. The ',mximum 'ialue for
K can therefore be acbtermined by the requirements on the head response during
the nonguided phased of flight.,

There is also an advantage in ;sinL t1elei guidance signal from
system bi'as consideration. With this signal only the bias ,from the -rate gyi:o
appears as 4 guidance signal. AI . the other biases such as b ' ias, and head
servo biaises resnit in a ,constant tr'acling error and since " i6' differentiated
the constant tracking error does not, appear in the ruidance signal.

4.2o2. MCfect of Radone on Gidance.

UisingS  ''4 as iho g -idance signal the closed loop transfer function
for *<- c6r, be derived assuming a constant .- (The open loop transfer function
ha already b een derived in section 20 62).

Since "7% i.. of tle fOrL

a A"W..,S)-,

__ -
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Setting/

or 4- 2.-.T, -'0.

,,.VM

The steady, state gain of the system has been rndified from . .

The first order term has bean clanged f ron 
, '

" 
'A - " -

to :4,h7 y r~ -'T

The so-ealled radome -induced tiri lag. //-.. , can attain values a as

u;h as 2 to li secoruds at hiqh zttitude conditions, Physic~a) , .*

Iw -eae. n 1,
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can b-e seen from the equations: for the airframe to equal 0 This
means that, the larger 1he amount of o( requixed to produce a unit y ,
the more the guidance system is affected by radome error slopes. -bor a given
airframe this occurs as the altitude 'i increased.

The actuial effect of - -depends on its sign. Tf it is negative it
-might cause system instability, if .it is positive. the. system is slowed up and-
also causes system instability if the autopilot is pnt designed properly.

The possible means of coping with f" are the follw4ng:

(1) Discredit large rc by statistics.

(2) Artificially biar off the negative r by feedinginto the autopilot
a term pbrpdrtidnal to W ( (explained in section ,204°2). This
results in a situation w.here. cnly positive - ( need to be dealt

(3) Design a comoehsating network to stab:_ize the system for negative
i '5 $ A lag-lead network has been found to be feasible when the

flight condition is fixddo

(4) A comination, of (2) and (3)°

The idvmntages and disauvantages of (2) and (3) are:

The advwmtage of (2) is that it is simle and the resulting system can be
extremely stable, The disadvantage is that the systcin is deliberately
slowe6 down.

The advantage of (3) is that the system can oograte ,:ith both positive and
negativo ?- 'S and has r , 0 as the nominal condition. The disadvantage
is that the parameters cf the lag-lead network .ill probably have to be
varied w4th- flight conditioas.

The Tariar guidance com0puter wai designed according to (2). The autopilot
was designed to accomoiat3 a -A- " ) - This autopilot along .ith
the guidance filter ok ___ ..-.J ,' 3'1 , iaousve- - , iz 5ituO .Lon

where the system might possibly tolerate negative i -'s This means that
2 Tf + T + 2 . is sufficiently greater han AVr T Or in the ode
plot of Figure 9, if the phase is changed by 1800 the sjstem is still stable for
certain val-es of r , It mifht be possible therfore to use something less than

* r,~ 9' feedback,

,o2,3 Guidance Filter

The gvuidatce filter has been shoun to be

-I
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. ,order to showthe needfor a second order filter, the total transferfunction between Q noise a w ill be derived, •

, Z /. q /Sx

therefore

and for 0-'

2- - .--

L IA

In order for '. to remain finite when Enoise is uhite noise,
Gg (S) must be at least secoi'; order. The -"5 second valaea viter detr.-led
eperimentaJ.yo thlese values an be subject, to change uith changes in bhe
estimates of n noise expectedo

I8
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4o2o4 Effect of Head Rate Gyro-Limitationa.
2The head rate gyro null value appearv directly as a gaidance signal bias.

The -.eqtivgent Nc due to this. bias can to comouted simpl

The g sens:itive-.y of the hea(. rate gyro has the effect of introducing
anot er feedback loopo

The guidance si'nal for r ,v 0 s e nolq

where K is the g sensitivity of the head rate ey. in V/sec/go

since A ,

transfer functions ar'e modified by '.. ,"T -/ ---

if .__.'L iV It sM K O03 /sec/g this represents 12%

va Tiiation on thg gainn and coefficients°

62o5 Effect of Head Servo Amuifier Bias.

If a bias exists at the input to the servo wnplifier there is no effecton the guidanceo However doring the head positioning phase there is a 11 (6)feedback from to servo amplifier in.:,at and the effect of this bias is

v.here ., is the unbalance st the grid.

$L
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This shop that the stoady state error due to Is dependent on
the zero frequency ga4.n of ii (S).
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Figure 1
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Fic-ure 2

17C Servo

BLOCK DIAGRA4 OF TYPE A SYST"M
Fig. 2 (a)

+

BLOCK DIAGRAM OF TYPE13 B YSTETM
Fig. 2 (b)



BLOCk DIAGRFAM CF TYlPl; C SYSTEM
Fig. 2 (c)

BLOCK DIAGRAM OF TYPE. D O3311/M
Fig. 2 (d)

V~~~~~~~~~ 
r__ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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I) Figure 3

L 
-

;IrOP OPMEb AT WING SERVO

Fig. 3 ()

A' i. I . . .

LOOP OPENED AT RATE GYRO
Fig. 3 (i)
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LOOP OPENTEfD AT ACCGUZROIETER
Fig. 3(c
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Figure 4
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APPENDIX 1*
DI I10,1O11 O1v TRO4]SPIC.-

FMUkITIUN FOR EDLATiC BODY

The eqp ation for an elastic Lear is

- - "...-< </ <
~, - d - *--J __

dxx

Ass1n~ tho volutior is Vie wroduct of a funotion c2' .7 and

Subat1ituting inito equation (1L)

di:f4&:ag through by ',- '(.

Since n doss iot Vai ,ith ", i ()es not vary ,,.i:h ,o l1-
•ides of' the equation mwi; b*o cq! be a ,ritdant

• Appendix I efci_%nce: Convairan LDi .1n, memo ZUXT.Oh8 K0 Kachign - T'be
General Theory and Analysis of a FI,3c_,.t , Booied lissile With Aueopilot Control.

. a '= I' r , =;I F -I =,
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1he fo3.oiing, oquations it-suits

k.xi -E o

The zolxution -to) equation 3 %s. ot th~e Eort!

where W1 can Ware eay va1uie
The solutions ',o equation 4 houievez. ia ~IjI~rtre to a set of dicetsvalo f';

W1j vresponds 'b tho Yequnc.y of the ftmt w -. I OeC

The~ ~ ~ fucU3rruponding 1a) the, m-m'ae dazeribae,_ Ube smpe of

LThe genel~a s~olution for U? emu be syri tix uns the smz r.1 th-c ireli-idual.

T.he rteAi Pfiae ot-trmnd. :n t~he Intei'rval (0,, L)q t rsp-Vt to
the Iunction 7,hj

~~ ~~ U bLmrim-~ -r

Wit~~~~~r mi rmh~z~ 1t' 91: a n ~)r~~ r()beoin
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(5)t

'fhe gere i'.1 solution of' the reduced equation 
has been found to b

Since fi ia s wmiuted tvith the dizplacemient norna:L2Iz(d at esom
station (a) i~he computed D.ode shmpe pi (gis re~lated b, t by

4~ ~ ___

Subs~tatipng W,4o qtjtion (57)

t-* &,,prata tho mral- for amch it As deaL-ble to r'oso2oLv'e~ into the
vo'ious modesh

09. (A

CJ I -l,
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It'lyn (~ ult3oghatily ?fmo D to Lj

on37 -&-m ~ith will rara-d-1

genefiz±~ed Wa~

Eqvat~on(6) bovv

Iliorn cv )iquatow-s tA* the h

PN)) dx-

or 14weboth ;51div OY t?w Nsqifn' cot. ,5qiV f,~ to & ooz**arV

OWN_____w
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In gomraJ. thaxe will be a ckiuplng term gnasomn

or in operational tomi

and

for the emose waore only the so.ution is ompanded only to nw3 l

The£ UsUema an stai) *' 6;)

-,-

The a.ngulr displjacom- nt of~ station (a Ii

d WO, 1

d~ C/ ;4

f--4 4a" 1



C 0 N V A I R
A DIVISIOV OF CAMRAL DYlNAMiICS CORPOATIUM0 Ti 33i5P'OM1OA Page 80 of 94

If a load L is assumed to exist on~y at statio , beecn'es

N

If onlIy the M.*st iioode is to be considerad

Me acceloroweor output at station (a) becomes

= e. )

or in operational fora

Ile 'rate gyro out~put at sta 'ior, (;2) beccosi

rat- -jr owtp

I 4

The units used are generalir th-a fo lo'x.

L .be force
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Me aCceleirotex, output in g's thezefore becomes

The rate ami output bmmzes

VIP

L for tail eflectior. ioa& wg only becoma

L LI 1 %
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SubJezin flopription of the coordinate System to be Used lHroafter in the Tartar

Induced Roll Phcucmenn Investigaticc

ThTRODUGTLON

Il dynzmios study of tb* Tartar induced roll. phenc~entt will hereafter us* tho
*coordinate system described ini this memoo This system differa from that usied

heretoforo in th4 Tartar studicsq -from that used by APL in the M-5~ studies, or'
that usod byr Convair personnlL in tho bTV-5 studieuo It is balievod., ho-,,vers, that

this is the system that has bsgn agreed to be everyone concerned as the (ins to usa0

Onay those featuren of Via syste that are partinent to the dyDainics studies
to b3 performed -Al2l be prosentodo Those studies will be restricted to analyzing
=Ma perturbations in yaw and roll vith fixed pitch conditions0 The equations of

motien uill ba written in a bxody fixed coordinate systa-a The orientation of this
coordinate systa in the body vill depend on tho initial roll attitude for any
Particular phae of the stady0 The aerodynenic forces must therefore be resolved
to that body fixod coordinate systm~ which wil be used for any initial roll a'Ai

tuda. Tho major portion of thiis memuo uill be involved with the stability derivatives
requirad for these aerodynamic forces* The relationahip between these stability
derivatives and thoue for the forces rosulvad along the wind tunnel axis is shown.
The equations to ba used in the study are also developed.*

DESCRIPTION OF COyOto iflthemisSISToER

axis with respaot to the winga for ths cases of j6~0 and

Figure 2 shows a positiv-a rotation about the *( axis £roii XIZ to e'Y Z. If' the
missile valocity vector is al:)n the X axis as shoimn, the positive rotatiof, produces
a positive angle of attackvc, Itl should ba noted that this9 positive *0 produces a
negati*ve force along the Z axis (B'eX Al1so with this sign conveaicnf, the positive

an will produce a negative pitching inwsent (14-) for a staticly stable configuaration.

Figure 3 shovic a negative rotatlon about te Z axis £rn XU to XZY aZ, Ir 'the
missile velocity vector is alang the X exic as shcwina the nugative ivlatiof prvducev
a posi-tive side s9lip angLc (4?), This positivo4Jproduces a negative Zorci alcmg
tho Y axs(Fy). Foitive4 will alao produce &. positive yawing mnonent (Y47,) for a
staticJly stable comfiguratiouo

The sigp convention for nkc&I usiad -aa 'casistent vWit1 tUM usual doi' itimn
for those quantitios

(31) sin~ az

Ui) sin i4

IV

Prepared by'A



Figua L shows a positive rotation (A A) about the X axis frm I-YZ to X YOZ/
for a missile pitched at an initial angle of attack of o- o and zero side slip anglen

(This would correopond to the conditions undar which tha wind tunnel tests ara runo)
After the rotation., v< is changed and thore io also a resulting A

The maeitudew of o and /I ao obained from thq equaticas (1) and (2) defining

j-e anl * o The cmponent of V along the Y as (v/) and along theZ . c" (w)

must therefore be ocmpuledo

The transformation matrix for a rotation about the X axis is

0 Cs sin

The components of V before the rotation werv as foalo as

tZ =V Cos C<o

"=V S-'n :o

After the rotation the copoents are as followst

,a EV V .Oa o. 0

V'r± V in e a sin ji

Using tha d~k ntimnu for sI (.cviatiow I -and 2)

(is) oinjO&" sin Oa
/7

V

InUedynmics btudbes i o eu ea xad"D.ad wI vk ~

emouut A frm the v.Ua oriant1ton of ta1 Z &d.P

The equatiora (3) &nd (4) :eacas
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It should be noted that(3< and lxrare in the pl~anes of Z V and YI-

respectiveo~y

FiJguzm 5 ahon the sign cowreaioais for positive dafefans of Via tail
surfaces0 In tho 0 =0 roll attitude positiva & produces negativo Z 4md negative
Myo Positive 1' producos a positive Py and a negative M~a

In the 0 es 45 roll attitudo the cubina~ion of t,' Snd -4 F-oducOs a positiVO
Py aixi a negativo HZa

Piguro 6 shows the differential tail dofloctionn (t) which v4fl produca a
pooitive rolline moment (!X)* This is defined as positive 0

SUNAMI OF CGOOJIMM SYSTEM DEISCRIPTION

The informati on prosentwd tUzi far can bo aumiarized in the follodng tablrco

0.~ at axbodd by 4, rotation about I aoe-
Producesi 47FI ?r odaces -ft for sta~ble configuraticai'

4V9P ,oduced by -, rotation ebout Z Asi rdcdb ~rtto 3

Produceso -F
amlIng Prducea 0N Wdue fo tbeoofeain

1.1ftdcodby , rtaton bma X rtio roducod b'y 0rttmd
mir.) ~ d1elet "' Rindgse at-5 o ht o

produce~ 8'U or~

4' rPodimed by defwitlng traklirg edGa Produced by defleot3.ng
(deflections l'fm trailing tadge dowin and "t
def'ined PRmchcos no Produces -FZ

f~n~qd) rodues Y PyProdce a ':My

defne FoduaunoProduces -F
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STABILITY DERIVATIVES

The ta ility derivativos requi"ed for this atufq are those for the vex form,0
yrd ri d en roUll mnento These forces and moments mut be referred to that
bod" d coordinato system which is used for any particular Initial roll attitrde
S cozsidowedo

Figure 1 shows the bod;7 fixed coordinate system to be used for the caso of

The following table lists the stability derivatives and the signs expected,
Tho pitch derivatives are Included though they are not neadod for the studies
proposedo The signs for the d*rivativos n be deduced tron the infornmati
present ' in the coordinate system descriptim o The roll yaw coupling derivativoc
with respect to tail surfaces wero asmede to be primarily from the blanking of the
upper surfaces whn tho missile is at, a pnsitiv* o-c0 .

(Asslurdingvc o is positive)

T Stabi]4y Drivative- -A A0~
Pitch I -f
CoeffM.ients Cmoe d for stable for stablo

CW , 0 ,

0

_____ - -

Cosfficient Cal) o r stabla o for stablo

Cps, 0

I0- 7M--i~ for fal for islAbla

. . ... .. . . . . . .. % aj:: n =. =.n.er.t.S ... t
caefaclont a C)!, .

Gill
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LWATIONS OF' NOTION

The requiwed equations of motion for this study are s
Q

(7) Fy= ( -I wr1

Making tho foUoying mibstitutions

0

q 0o (constant pitch ratz associated ith constant angle of attacic)

v V cot A&4

since Bin, oMv/V (equation 1)

w V sinara~ (equationi 2)

U V Cos a

Equations (7 - 9) becco

(10) Fy a( nj,* Voi <0 7csao

K(12) x I~
whom~ r'y is iu lbag ll and KA. in ft.. 1bss/Y 00 ar0nr~

)*, in are n ra/f

The eqatd.aws for tho aerodyniavic forceos and mouentrs an:

(1-3) Fy148) 7%1 S 142 (Cyo~? GAYj LY * Y

(15) Xx si82 d Ma i (CIS o Cibp) '.~ A ~y 0 0ily iv)

The iy coefilciants are defined in the fo iowuing table0

24

~~v, :L,
CUT ~ Gx el; Y
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It shold be noted C( )If for the -45 case eqals .07 0( )e for th
0 caseo

Redo fntng tho aerodynoeo coefficients in tbo folong maw=*

A A8X S X2 9ACy
nV

OV

Gm 14&81 A ed Mg SAO''

Iz

F 12481. ad M2  " b CbIx ~
2v

0 =.81. N2 A Cit.

IX

zIx

L = 1 81  9, W2 ~ j

e U83. Cy~

W 3.481 &1 H2 0v

Bquuitions (10 -~ 12) becm~

For theso equalions all arg14I are in dogreso

The contreX equatioim o

iyD n ki, (N 1bN) 441 y

whe rn

H(' V (A,*~Bd c R
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